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This paper deals with the isomorphism problem for integral group rings of
infinite groups. In the first part we answer a question of Mazur by giving conditions
for the isomorphism problem to be true for integral group rings of groups that are
a direct product of a finite group and a finitely generated free abelian group. It is
also shown that the isomorphism problem for infinite groups is strongly related to
the normalizer conjecture. Next we show that the automorphism conjecture holds
for infinite finitely generated abelian groups G if and only if ZG has only trivial
units. In the second part we partially answer a problem of Sehgal. It is shown that
the class of a finitely generated nilpotent group G is determined by its integral
group ring provided G has only odd torsion. When G has nilpotency class two then
the finitely generated restriction is not needed. This, together with a result of
Ritter and Sehgal, settles the isomorphism problem for finitely generated nilpo-
tency class two groups. A link is pointed out between this problem and the
dimension subgroup problem. Q 2000 Academic Press
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1. INTRODUCTION
w x ŽAlthough recently Hertweck 4 we have not checked every line of this
.paper in full detail gave a counterexample to the isomorphism problem
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for integral group rings of finite groups, it still remains a challenge to
determine which groups do satisfy the conjecture. It is well known that a
positive solution to this conjecture has been given by Roggenkamp and
Ž w x.Scott or see the result of Weiss in 20 for finite nilpotent groups and by
Withcomb for finite metabelian groups. In the case of infinite groups very
little is known. It is even unknown whether the nilpotency class is pre-
Ž . Žserved for integral group rings of infinite nilpotent groups see Sehgal's
w x.Problem 46 in 19 . Even the nilpotency two class is unresolved. Actually
there is a satisfactory answer to the conjecture only for a special class of
polycyclic-by-finite groups, namely, for groups of the form N = Z, a direct
w xproduct of a finite group N with the infinite cyclic group. In 10 Mazur
Ž .proves that if H is another group such that Z N = Z ( Z H, then
H s N i Z, a semidirect product, where the action of Z on the finite
group N is given by a unit of Z N. Hence, it follows that the isomorphism
conjecture holds for N = Z if and only if both the isomorphism conjecture
Ž w x.and the normalizer conjecture hold for N see also 11 . For the terminol-
w xogy and background on group rings we refer the reader to 19 .
w xMazur in 10 raised the question of whether his result can be extended
to include direct products of finite groups N with finitely generated free
abelian groups A. After some preliminary work in Section 2 on a result of
w xJespers, Parmenter, and Sehgal 6 on central units of some integral group
rings, we are able in Section 3 to answer Mazur's question. The techniques
used in the proofs and the counterexample of Hertweck also allow us to
Ž .construct nonisomorphic group bases for Z N = A ; and thus we obtain
infinite counterexamples for the isomorphism problem. Nevertheless, for
some semidirect products of finite groups and abelian groups we show that
group bases have to be subisomorphic.
In Section 4 necessary and sufficient conditions are given for the
Ž .automorphism conjecture to hold for Z N = A . It follows that this conjec-
ture holds for the integral group ring of a finitely generated abelian group
G if and only if either G is finite or all units of ZG are trivial.
The remainder of the paper concerns Sehgal's problem. In Section 5 we
first prove that the isomorphism problem holds for finitely generated
w xnilpotent class two groups. Note that in 12 Ritter and Sehgal proved the
following result: if G and H are both finitely generated nilpotent class two
groups such that ZG ( Z H, then G ( H. Second we show that the
nilpotency class of a finitely generated nilpotent group G is determined by
its integral group ring, provided G has odd torsion or if it satisfies some
other condition. We point out that there is a connection between this
question and the dimension subgroup problem. If the problem is false,
then a counterexample probably could be constructed using Rips' example
Ž w x.see 3 for the dimension subgroup problem.
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2. PRELIMINARIES
w xThe following theorem is proved in 6 for nilpotent groups, but its proof
remains valid under the weaker assumptions.
Ž .The center of a group G is denoted Z G , and the group of units
Ž . Ž . Ž Ž ..respectively augmented units is denoted U ZG respectively U ZG .1
Ž .THEOREM 2.1. Let G be a group such that T G , the set of torsion
Ž .elements of G, forms a finite subgroup. Suppose that GrT G is an ordered
Ž Ž .. Ž .group. Then, gi¤en u g Z U ZG there exist ¤ g ZT G and g g G such1
that u s ¤g. Moreo¤er, there exists a fixed positi¤e integer n such that
n n Ž Ž ..g , ¤ g Z U ZG .1
COROLLARY 2.2. Let G be as in Theorem 2.1. Then, the central units of
Ž .ZG are tri¤ial if and only if the only units of ZT G that are central in ZG
are tri¤ial.
Proof. Of course one implication is trivial. For the converse, assume
Ž .that the only units of ZT G that are central in ZG are trivial. We have to
prove that any augmented central unit x of ZG is trivial. Since central
w xunits of finite order are trivial 18, Corollary II.1.7 , it is sufficient to deal
with the case where x has infinite order. So let x be such a unit. Use
Ž .Theorem 2.1 to write x s ¤g with g g G and ¤ g ZT G . Since there
exists an integer n such that ¤ n is central it follows from the assumption
Ž .that ¤ is a torsion unit. Hence if we set m s o ¤ , the order of ¤ , then
m m ² m:x s g . Let A s x . Then x and g project to torsion units in
Ž .Z GrA , and since x is central, it follows that x and thus also ¤ project to
Ž .a trivial unit. But A is torsion free and T G forms a subgroup, and thus
this projection is injective on the support of ¤ and so ¤ is a trivial unit. It
follows that x g G.
w xAs mentioned above, Corollary 2.2 is proved in 6 for nilpotent groups;
also, an example is given of a finitely generated nilpotent group G such
Ž .that ZG has only trivial central units but ZT G has nontrivial central
w xunits. Ritter and Sehgal 19 characterized arbitrary finite groups G so that
ZG has only trivial central units.
Ž .The normalizer of a subgroup H in a group G is denoted N H , andG
Ž .the centralizer of H in G is denoted C H .G
COROLLARY 2.3. Let G and u s ¤g be as in Theorem 2.1. The element
Ž Ž .. Ž Ž .. Ž Ž Ž ... Ž .¤ g N T G and, if N T G s Z U ZT G T G , thenU ŽZT ŽG.. U ŽZT ŽG.. 11 1
Ž Ž Ž ... Ž Ž Ž ...we may take ¤ g Z U ZT G , and in this case g g Z C T G .1 G
Ž .In particular this is the case when T G is nilpotent or of odd order.
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Ž Ž .. Ž .y1 Ž .Ž .Proof. Since u s ¤g g Z U ZG one gets that ¤g T G ¤g s1
Ž . y1 Ž . Ž . y1 Ž .T G and thus ¤ T G ¤ s gT G g s T G . Hence
¤ g N T G .Ž .Ž .U ŽZT ŽG..1
Ž Ž .. Ž Ž Ž ... Ž .If N T G s Z U ZT G T G then we may write ¤ s ¤ t withU ŽZT ŽG.. 1 11
Ž . Ž Ž Ž ...t g T G and ¤ g Z U ZT G . This proves that in this case we may1 1
Ž Ž Ž ... y1 Ž .take ¤ g Z U ZT G . But then g s u¤ centralizes T G . So, if g g1 1
Ž Ž ..C T G , thenG
¤g g s g ¤g s g u s ug s ¤gg ,1 1 1 1 1
Ž Ž Ž ...and thus g g s gg . Hence g g Z C T G , as desired.1 1 G
w x ŽThe final part follows from results of Jackowski and Marciniak 5 or
w x.see Sehgal 19, Theorem 9.6 .
Recall that a group basis of an integral group ring ZG is a subgroup H
of augmented units such that the elements of H are independent over Z
and Z H s ZG.
COROLLARY 2.4. Let G be a group as in Theorem 2.1 and suppose that
Ž Ž Ž ... Ž . Ž .Z U Z G s Z G . If H : U ZG is another group basis for ZG, then1 1
Ž . Ž .Z H s Z G .
Proof. From the correspondence theorem between finite normal sub-
Žw x. Ž Ž ..groups of G and H 18, Theorem III.4.17 it follows that D G, T G s
Ž .D H, T for some finite normal subgroup T of H. Since
Z GrT G ( ZGrD G, T G s Z HrD H , T ( Z HrTŽ . Ž . Ž . Ž .Ž . Ž .
Ž Ž . .is a domain as GrT G is ordered it follows that HrT is torsion free
Ž . Ž Ž ..and thus T s T H is a finite subgroup. Since units of Z GrT G are
Ž . Ž . Ž .trivial, it also follows that GrT G ( HrT H ; in particular HrT H is
ordered as well.
Ž . Ž .We now prove the result. Clearly the assumptions imply Z H : Z G .
Ž .For the converse inclusion, let x g Z G and use Theorem 2.1 to write
Ž Ž .. nx s ¤h with ¤ g U ZT H and h g H. By Theorem 2.1, ¤ g1
Ž Ž .. Ž Ž .. Ž .Z U Z H : Z U ZG s Z G for some positive integer n. Since1 1
¤ n s 1 mod D G, T G ,Ž .Ž .
n Ž .we thus get that ¤ g T G . Hence ¤ has finite order, say m. It follows
m m m² : Ž . Ž .that x s h . Set A s h and note that D G, A s D H, A . So H,
Ž .the image of H in Z GrA , is a group basis. But since the image of x is a
central torsion unit it must belong to H. We conclude that ¤ , the image of
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¤ , is in H, and so its support has cardinality 1. The rest of the proof is as in
Corollary 2.2.
In the remainder of this section we prove some technical results needed
in the next section.
i e1 1
Let N “ E “ G be a split exact sequence and let s : G “ E be a1 1 1
Ž .transversal homomorphism. If A 1 G is such that B s s A is normal in1
i e2 2
E then there exists a split exact sequence N “ E “ G and a transversal1 2 1
homomorphism s : G “ E . Here E s E rB and G s GrA. To see2 1 2 2 1 1
Ž . Ž . Ž . Ž .this define i n s i n B and e eB s e e A and use diagram chasing2 1 2 1
to prove the exactness of the sequence. The transversal is defined by
Ž . Ž .s gA s s g B. Let p : E “ E and r : G “ G be the natural projec-2 1 1 1 2 1 1
Ž .tions. Then it is easy to see that 1, p , s defines a morphism between the1 1
two sequences such that p ( s s s ( r .1 1 2 1
Ž . Ž .LEMMA 2.5. Let f : G “ Aut N and f : G “ Aut N be the maps1 2 1
induced by the trans¤ersals s and s , respecti¤ely. Then f s f ( r .1 2 1 2 1
Proof. Since we have commuting diagrams, it follows easily that, for
any g g G,
y1 y1s gA i n s gA s p s g i n s g .Ž . Ž . Ž . Ž . Ž . Ž .Ž .2 2 2 1 1 1 1
From this and the injectivity of i the result follows. In fact2
y1i f gA n s p s g i n s g s p i f g nŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .2 2 1 1 1 1 1 1 1
s i f g nŽ . Ž .Ž .2 1
for all n g N, and thus f s f ( r .1 2 1
LEMMA 2.6. Suppose there exists a monomorphism i : M “ E and an3 3
Ž Ž .. Ž .epimorphism p : E “ E such that p i M s i N and the restriction2 3 2 2 3 2
Ž .of p on i M is injecti¤e. Then there exists a split exact sequence2 3
i e3 3 Ž .M “ E “ G , a morphism a , p , r , and a trans¤ersal s : G “ E such3 3 2 2 3 3 3
that p ( s s s ( r .2 3 2 2
y1Ž Ž ..Proof. Let K s p s G and let E be the subgroup generated by2 2 1
Ž . Ž . Ž .i M and K. Since Ker p : K and i , e splits, it follows that E s E3 2 2 2 3
Ž . Ž .and K l i M s 1. Hence K is a complement of i M in E . Set3 3 3
G s K, r s e (p restricted on K, and let a : M “ N be the mor-3 2 2 2
Ž . Ž .phism defined by i a m s p i M . It is now easy to see that we have a2 2 3
Ž .commuting diagram, and if we set s k s k, for any k g K, then s is a3 3
transversal homomorphism such that p ( s s s ( r .2 3 2 2
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LEMMA 2.7. With notations as in the pre¤ious lemmas and the proof of
Ž .Lemma 2.6, let f be the map induced by s from G to Aut M . Then3 3 3
Ž . Ž . y1f ? r k s a ( f k ( a , for any k g K.2 2 3
Proof. Note that a is an isomorphism. The proof is now similar to that
of Lemma 2.5.
LEMMA 2.8. If there exists a monomorphism r : G “ G such that3
r ( r s r , then E is isomorphic to a subgroup of E .2 1 1 3
Ž Ž . Ž .. Ž y1Ž .. Ž Ž ..Proof. Define C: E “ E by C i n s g s i ? a n s r g . It1 3 1 1 3 3
is readily verified that C is a well-defined injective map with image the
Ž . Ž .group i M i s r G . So it is sufficient to show that C is a group3 3
Ž .homomorphism. Since C 1 s 1 it is sufficient to show that C preserves
Ž . Ž . Ž . Ž .products. For this let a s i n s g g E and b s i m s h g E , where1 1 1 1 1 1
n, m g N and g, h g G. Then
y1
C ab s C i n s g i m s g s g s hŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 1 1 1 1 1
s C i n i f gy1 m s ghŽ . Ž . Ž .Ž .Ž .Ž 1 1 1 1
s i ay1 nf gy1 m s r ghŽ . Ž .Ž .Ž .Ž .3 1 3
s i ay1 n i ay1 f gy1 m s r gh .Ž . Ž . Ž .Ž .Ž .Ž . Ž .3 3 1 3
Also
C a C b s i ay1 n s r g i ay1 m s r hŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .3 3 3 3
y1y1 y1s i a n s r g i a m s r gŽ . Ž . Ž . Ž .Ž . Ž .3 3 3 3
= s r g s r ghŽ . Ž .Ž . Ž .3 3
s i ay1 n i f r gy1 ay1 m s r gh .Ž . Ž . Ž .Ž .Ž . Ž .Ž .Ž . Ž .Ž .Ž .3 3 3 3
Ž . Ž . Ž .Hence, because i is injective, to prove that C ab s C a C b it is3
sufficient to show that
f gy1 m s a f r gy1 ay1 m .Ž . Ž .Ž . Ž . Ž .Ž .Ž .1 3
But, by Lemma 2.7,
a f r gy1 ay1 s f r r gy1 ,Ž . Ž .Ž . Ž .Ž .3 2 2
and thus by the assumption,
a f r gy1 ay1 s f r gy1 .Ž . Ž .Ž . Ž .3 2 1
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So, indeed by Lemma 2.5,
a f r gy1 ay1 s f gy1 .Ž . Ž .Ž .3 1
i1
PROPOSITION 2.9. Let N “ E “ G be a split exact sequence of a finite1
group N and a torsion free abelian group G, and let s be a trans¤ersal1
homomorphism. Let A 1 G and E s E rB, supposing of course that B s2 1
i p2 2Ž .s A 1 E . Suppose that there exists a sequence M “ E “ E with i a1 1 3 2 2
Ž .monomorphism and p an epimorphism and p ( i : M “ p i N is an2 2 2 1 1
isomorphism where p : E “ E is the canonical projection. If E and E1 1 2 1 3
Ž .ha¤e the same Hirsch number and E ri M is abelian, then E is isomorphic3 2 1
to a subgroup of E .3
Proof. The only thing to check is whether there exists a monomorphism
r : G “ G satisfying the conditions of Lemma 2.8. Since G is free abelian3
the epimorphisms r : G “ G and r : G “ G define an epimorphism r :2 3 1 1 1
G “ G such that r ( r s r . Because of the construction of G and3 2 1 3
because of the assumptions, the abelian groups G and G have the same3
ŽHirsch number namely the same Hirsch number as that of both E and1
.E . It follows that the kernel of r has Hirsch number zero. So it is a3
periodic subgroup of G and therefore is trivial. Hence r is a monomor-
phism.
3. ISOMORPHISMS OF DIRECT PRODUCTS
In this section we prove the isomorphism problem for some classes of
polycyclic-by-finite groups and give necessary and sufficient conditions for
w xthis problem to hold for a certain class. This extends the result of 10 .
We shall say that a group G satisfies the normalizer condition if
Ž . Ž Ž ..N G s Z U ZG G. We need the following lemma.U ŽZ G. 11
LEMMA 3.1. Let G be the direct product of groups N and N . Then G1 2
satisfies the normalizer condition if and only if N and N satisfy the1 2
normalizer condition.
Proof. Denote by c : G “ N the natural projection of G onto N . Itsi i i
extension to the group rings will also be denoted by c . Observe thati
Ž .N s Ker c if i / j.i j
Suppose that G satisfies the normalizer condition and let u g Z N be1
an augmented unit in the normalizer of N . Then certainly u also normal-1
Ž .izes G and hence u s wg with g g G and w g Z ZG . It follows that
Ž . Ž . Ž .u s c u s c w ? c g and thus N satisfies the normalizer condition.1 1 1 1
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Conversely suppose that N and N satisfy the normalizer condition and1 2
Ž . Ž .let u g U ZG be in the normalizer of G. Denote u s c u . Then u1 i i i
normalizes N , and thus u s w n , where w is a central unit in Z N andi i i i i i
n g N . Since G is the direct product of the N it follows that w is centrali i i i
in G. Define w s uuy1 uy1. We claim that w is a central unit. Suppose this1 2
Ž .Ž .for the moment; then u s wu u s ww w n n . Since ww w is a1 2 1 2 1 2 1 2
central unit, the lemma follows.
We now prove the claim: Let n g N and let g s wy1 nw. Since wi
y1 w y1 xnormalizes G we have that g g G. As g y n s w nw y n s w n, w it
w xfollows from 19, 41.1 that g and n are conjugate in G. But N is normali
in G and thus g g N . Hence wy1N w s N . Using this we have thati i i
y1 Ž y1 .w n w s c w n w s n for all n g N and hence the claim is proved.i i i i i i
THEOREM 3.2. Let G s N = A, the direct product of a finite group N and
a nonperiodic finitely generated abelian group A. Suppose the isomorphism
problem holds for N. Then, the normalizer condition holds for N if and only if
the isomorphism problem holds for G.
Proof. We first prove that we may suppose that A is torsion free. To
do this we show that we can reduce to this case. So suppose that the
Ž .theorem holds when A is torsion free. Write A s B = A with B s T A1
and A is torsion free. So G s N = A , where N s N = B. Using the1 1 1 1
normal subgroup correspondence one readily shows that the isomorphism
problem still holds for N . If N satisfies the normalizer condition then, by1
Lemma 3.1, N also satisfies the normalizer condition, and since A is1 1
torsion free it follows that the isomorphism problem holds for G. Con-
versely suppose that the isomorphism problem holds for G. Then, since A1
is torsion free, we have that N satisfies the normalizer condition. Lemma1
3.1 now gives us that N satisfies the normalizer condition. So for the rest
of the proof we shall assume that A is torsion free.
Ž . Ž Ž .. Ž .Assume N N s Z U Z N N. Let H : U ZG be a group basis.U ŽZ N . 1 11
We shall see at the end of the proof that H also satisfies the condition on
w xthe normalizer. Assume this for the moment. By 18, Theorem III.4.17 ,
< < < < Ž . ŽH has a finite normal subgroup M with M s N and D G, N s D H,
. Ž .M . Since Z A ( ZGrD G, N is a domain, it follows, as before, that
Ž . ² :M s T H . Write A s x , x , . . . , x , with n the rank of A, and1 2 n
Ž . ² :choose y , y , . . . , y g H such that ZGrD G, N s Z x , . . . , x s1 2 n 1 n
² :Z y , . . . , y . Using Corollary 2.3, for every 1 F i F n, we can find ¤ g1 n i
Ž Ž Ž ... Ž Ž .. ² :Z U Z M and h g Z C M such that x s ¤ h . Since x , . . . , x1 i H i i i 1 n
² : Ž Žs y , . . . , y as these are the trivial augmented units in Z A s Z Hr1 n
Ž ... ² :T H , we may suppose that each y s h . Thus y , . . . , y is a finitelyi i 1 n
² : Ž² :.generated abelian group. Write y , . . . , y s T y , . . . , y = B, where1 n 1 n
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Ž .B is a free abelian group of rank n. As HrM s B and B : C M , weH
get H s M = B. So to prove that H ( G it is now sufficient to show that
wN ( M. To see this, let c : ZG “ Z N be the natural epimorphism. By 7,
x < < < <Corollary 2.3 , this map is injective on torsion subgroups. Since N s M ,
Ž w x. Ž .it follows therefore see 19, Lemma 37.4 that Z N s Zc M . Thus, since
Ž .by assumption N satisfies the isomorphism problem, N ( c M ( M and
G ( H. Let C be any isomorphism between M and N and extend it to an
isomorphism of the group rings. It is now clear that N satisfies the
condition on the normalizer if and only if M satisfies this condition.
To proof the converse we just have to exhibit a counterexample in the
case where G does not satisfy the condition on the normalizer. This will be
done in Theorem 3.6.
COROLLARY 3.3. Let G s N = A, the direct product of a finite group N
and a nontri¤ial finitely generated free abelian group A. Then, the isomorphism
problem holds for G if and only if both the normalizer condition and the
isomorphism problem hold for N.
Proof. This follows immediately from Theorem 3.2 and the fact that if
G s N = A satisfies the isomorphism problem, and because A is free
abelian, then N also satisfies the isomorphism problem. This can be shown
easily by extending isomorphisms defined on Z N to ZG and by using the
fact that N is the torsion subgroup of G.
w xAs mentioned in 11 , the normalizer condition for a finite group G is
Ž . Ž . Ž .equivalent to Aut G s Inn G , where Aut G is the group of automor-Z Z
phisms of G which are induced by conjugation by units of ZG that
normalize G.
The proof of Theorem 3.2 gives quite a bit of information even without
the normalizer condition assumption. Note that in this more general
Ž .context we only get that the elements ¤ g N M . The precise infor-i U ŽZ M .1
mation obtained this way is written in the following result. This answers a
w xquestion raised in 10 and extends the main result of that paper.
² :THEOREM 3.4. Let G s N = A, where N is a finite group and A s x1
² := ??? = x is a finitely generated free abelian group. Let H be a group.n
Then, ZG ( Z H if and only if the following conditions hold:
Ž .1. M s T H is a subgroup and Z N ( Z M.
² : ² :2. There exist y , . . . , y g H so that HrM s y M = ??? = y M1 n 1 n
is free abelian of rank n.
Ž .3. For each i there exists ¤ g N M such that ¤ y is a centrali U ŽZ M . i i1
element, i.e., the action of y on M is gi¤en by conjugation by ¤ . Moreo¤eri i
² :¤ y , . . . , ¤ y ( A.1 1 n n
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Proof. Suppose that ZG ( Z H. The proof of Theorem 3.2 gives us the
proof in one direction.
So suppose now that we have a group H with all these conditions. Then,
y1 y1ZG s Z N = A s Z N x , x , . . . , x , x ,Ž . Ž . 1 1 n n
the Laurent polynomial ring over the ring Z N and in n commuting
² : Ž Ž ..variables. Let B s ¤ y , . . . , ¤ y , a free abelian subgroup of U Z H .1 1 n n
Then
² :Z H s Z M , y , . . . , y ,1 n
and it is readily verified that, as a ring, it is generated by the group ring
Z M and the group B. Since B is central in Z H it also follows easily that
Z H s Z M B.Ž .
As, by assumption, B ( A and Z M ( Z N, one gets that ZG ( Z H.
Now we show how to construct counterexamples for the isomorphism
problem for infinite groups. For this we need, for any finite group N, the
Ž .fact that N i Z ( N i Z if and only if there exists c g Aut N suchs t
y1 Ž .that c sc and t are equal modulo Inn N .
² : ² :Let G s N = z , where N is a finite group and z is the infinite
Ž .cyclic group. Take u g N N . Denote by t the automorphism of NU ŽZ N .1
induced by conjugation by u, and let ¤ s zu. If n g N, then
¤y1 n¤ s uy1 nu s t n .Ž .
² : Ž .Hence H s N i ¤ : U ZG .t 1
LEMMA 3.5. H is a group basis for ZG.
Proof. Each element of H can be written uniquely as n¤ k for some
n g N and k g Z. Suppose that Ý Ý c n¤ k s 0, where each c g Z.k n n, k n, k
We want to prove that all integers c are zero. Now ¤ s u zz. Since G isn, k
Ž z .k w x ka group basis and Ý c n u z g Z N z for all k, it follows that then n, k
Ž z .klatter sum is zero. As u z is invertible it follows that Ý c n s 0 andn n, k
thus all the c are zero, as required.n, k
y1 Ž y1 . y1Ž y1 .Note that z s ¤u s ¤ Ý u n s Ý u ¤n¤ ¤ . Hence z gng N n ng N n
Z H and thus Z H s ZG.
² : ² :By the earlier comment, G s N = z ( H s N i ¤ if and only if tt
y1 Ž . y1is inner. The latter means that n nn s t n s u nu for some n g N;0 0 0
y1 Ž Ž ..or equivalently n u g Z U Z N . Of course this implies u g0 1
Ž Ž ..Z U Z N N.1
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So we have shown the following.
Ž . Ž Ž ..THEOREM 3.6. Let N be a finite group. If N N / Z U Z N N,U ŽZ N . 11
² :then the isomorphism problem does not hold for G s N = z with z of
infinite order. Hence, it also does not hold for G s N = A, where A is a
nonperiodic finitely generated abelian group.
w xNote that the example of Herweck in 4 shows that finite nonnilpotent
groups N with the properties listed in the theorem exist. Hence the
previous theorem provides a counterexample for the isomorphism problem
for infinite groups. Note that Zimmerman and Roggenkamp, using the
w xmain result of Mazur, gave in 15 a counterexample for the isomorphism
problem for group rings of groups N i Z over a ring R which is the ring
of integers of a global algebraic number field. The ring R / Z.
Although the isomorphism problem fails in general for infinite groups,
the next proposition indicates that maybe the right property to prove is
that group bases are subisomorphic.
PROPOSITION 3.7. Let G s N i A be the semidirect of a finite group N
with a finitely generated abelian group A. Suppose that G is nilpotent and that
Ž Ž .. Ž .Z U ZG s Z G . Let H be a group. If ZG ( Z H, then G and H are1
subisomorphic, i.e., G is isomorphic to a subgroup of H and ¤ice ¤ersa.
Proof. Clearly without loss of generality we may assume that H is a
group basis of ZG and that A is free abelian of finite rank. Obviously, G
satisfies the assumptions of Theorem 2.1. Hence Corollary 2.4 implies that
Ž . Ž . Ž . Ž . Ž .Z G s Z H . Let C s C N and note that C : Z G s Z H hasA
Ž .finite index in G. Let c : ZG “ Z GrC be the natural epimorphism, and
Ž . Ž . Ž . Ž .write G s c G and H s c H . As before, D G, C s D H, C and thus
Ž .Z H s ZG ( ZGrD G, C , and both G and H are finite nilpotent groups.
Since the isomorphism problem holds for finite nilpotent groups we get
Ž . Ž . Ž . Ž .that H ( G ( N i ArC ( N i ArC and D G, N s D H, M , for a
Ž . Ž .finite normal subgroup M of H with D G, N s D H, M . Hence, be-
Žcause of Roggenkamp and Scott's result or, more generally, Weiss' result;
w x. Ž .see, for example, 19, Theorem 40.4 , there exists u g U QG such that
y1 Ž .u Gu s H. Since N is normal in G, it follows that D G, N is an ideal of
ZG and therefore
y1 y1D H , M s D G, N s u D G, N u s D H , u Nu .Ž . Ž . Ž . Ž .
y1 y1Ž .Consequently, M s u Nu. Thus, H s M i B with B s u ArC u. Let
y1Ž . Ž .B s c B l H. Since 1 q ker c l H s C is torsion free and B l M
 4  4s 1 we must have B l M s 1 . Therefore B is embedded in HrM.
Ž . Ž .Since Z HrD H, M s ZGrD G, N ( Z A we also get that B is abelian.
So it follows that H s M i B and HrC ( GrC. So, in particular, H and
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Ž .G have the same Hirsch number namely that of C . The result now
follows as an application of Proposition 2.9.
Note that in the proof of the proposition it is actually shown that
H ( N i A : G, for some subgroup A of A.1 1
² :COROLLARY 3.8. Let G s N i z be a nilpotent group which is as
Ž .semidirect product of a finite group N with an infinite cyclic group. If U ZG1
has a tri¤ial center and s 2 s 1, then the isomorphism problem holds for G.
Proof. Note that the assumption s 2 s 1 is equivalent to z 2 is trivial.
ŽLet H be a group basis for ZG. By Proposition 3.7 and the previous
. ² k:remark , H ( N i z , for some positive integer k. We deal with two
² :cases. First if k is even, then H ( N = z , a direct product. Since N is
finite nilpotent we know that the isomorphism problem holds for N as well
Ž w x.as the normalizer condition see 19, Corollary 9.2 . Hence, by Corollary
3.3, the isomorphism problem holds for H and thus G ( H. Second,
k ² k:assume k is odd. Since s s s one gets immediately that H ( N i z
² :( N i z s G.
4. AUTOMORPHISMS OF DIRECT PRODUCTS
In this section we show how the results of the previous sections give
information about the automorphisms of certain integral group rings. The
main ingredient used is the construction of group bases different from the
Ž .one started with see Lemma 3.5 . For convenience we recall the Automor-
w xphism Conjecture 19 :
Let G be a group and let F be an automorphism of ZG; then there exists
an automorphism f of G such that F(fy1 is induced by conjugation with a
unit of QG.
The following observation is clear.
LEMMA 4.1. Let G be any group and suppose that the automorphism
Ž .conjecture holds for G. If H : U ZG is a group basis which is isomorphic to1
Ž . Ž .G then Z G s Z H .
The next result gives a criterion for a subgroup to be linearly indepen-
dent over Z.
Ž .LEMMA 4.2. Let G be a residually finite group and let N : U ZG be a1
² :finite subgroup. Let A : G be a subgroup and let H s N, A . If S s G l H
has a finite index in H, then H is linearly independent o¤er Z.
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Proof. Suppose that Ýc h s 0 with the 0 / c g Z. Let X be theh h
Ž .union of the supports with respect to G of the h g H appearing in this
sum. Since G is residually finite there exists a normal subgroup M of finite
Ž .index in G such that the canonical map C: ZG “ Z GrM is injective on
X. On the other hand, because S l M is of finite index in S and thus in
Ž . Ž .H, the group C H is finite. Therefore the elements of C H are linearly
Ž w x.independent see 19, Lemma 37.1 . Hence all the c s 0, a contradiction.h
THEOREM 4.3. Let G s N = A be the direct product of a finite group N
and a nontri¤ial finitely generated free abelian group A. The automorphism
conjecture holds for G if and only if the following properties hold:
Ž Ž .. Ž . Ž Ž Ž Ž .... .1. Z U ZG s Z G or equi¤alently, Z U ZT G is tri¤ial .1 1
Ž .2. Subgroups of U ZG which are isomorphic to N are rationally1
conjugate to N.
Proof. Suppose the automorphism conjecture holds for G. Because of
Corollary 2.2, to prove that property 1 holds, it is sufficient to show that all
Ž .central units of Z N are trivial. So suppose u g U Z N is central. We have1
to prove that u is trivial, that is, u g N. Suppose the contrary. Since
w xcentral torsion units are trivial 18, Corollary I.1.7 , the unit u is not
² : ² :periodic. Write A s A = z , where A is a subgroup of A and z is1 1
² :infinite cyclic. Let B s A = uz . By Lemma 3.5, N = B is also a group1
basis for ZG and clearly N = A ( N = B. Since, by assumption, the
Ž .automorphism conjecture holds for G, Lemma 4.1 implies that Z G s
Ž . Ž . Ž Ž . . Ž .Z N = B ; in particular, uz g Z G . Hence u g Z G l Z N s Z N ,
a contradiction.
Ž .To prove the second property, let M : U ZG and suppose M is1
isomorphic to N. Let H s M = A. Note that G is polycyclic-by-finite and
Ž w x.thus residually finite see 17, Theorem 4.3 . By Lemma 4.2 the elements
w xof H are linearly independent over Z and hence, by Lemma 4 in 10 , the
group H is a group basis for ZG. Since G ( H, it therefore follows that
there exists an automorphism F of ZG which maps G onto H. Because
the automorphism conjecture holds for G and both N and M are charac-
Ž .teristic subgroups they are the respective torsion subgroups it follows
that they are rationally conjugate.
We now prove the converse. Let F be an automorphism of ZG and
Ž . Ž .M s F N . By condition 1 it follows that F G s M = A. By condition 2
there exists a rational unit u g QG such that uy1Mu s N. Thus
y1 Ž .u F G u s G, and from this the result follows.
Since the torsion units are trivial in the integral group ring Z N of a
finite abelian group N, it is clear that the automorphism conjecture holds
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for Z N. Also, for a finitely generated free abelian group A, the units of
Ž . ŽZ N = A are trivial if and only if the units if Z N are trivial this is well
.known and follows from Corollary 2.2 . Hence as an immediate conse-
quence of the previous theorem we obtain a characterization of when the
automorphism conjecture holds for finitely generated abelian groups.
COROLLARY 4.4. Let G be a finitely generated abelian group. The auto-
morphism conjecture holds for G if and only if one of the following properties
holds:
1. G is finite.
Ž . Ž Ž .2. ZT G has only tri¤ial units that is, the exponent of T G di¤ides 4
.or 6 .
In the case where G is infinite the automorphism conjecture holds if and
only if ZG has only tri¤ial units.
Hence there are many commutative infinite counterexamples for the
automorphism conjecture. Note that there already exist noncommutative
Ž w x.counterexamples due to Roggenkamp and Scott see also Klinger 8 and
w x Ž .Sehgal and Zalesskii 19, Theorem 45.13 . The finite counterexample of
Roggenkamp and Scott can easily be used to show that Condition 2 of
w x w xTheorem 4.3 does not hold in general. In 1 and 7 one can find results
w xrelated to this question. As mentioned earlier, Ritter and Sehgal in 13
determined when all central units of the integral group ring of a finite
group are trivial. It follows that Condition 1 can be described completely
internally within the group.
5. ISOMORPHISMS FOR NILPOTENT GROUPS
w xIn this section we are concerned with Seghal's Question 46 in 19 , that
is, we consider the isomorphism problem for integral group rings of
w xnilpotent groups G. We recall some well-known results. Rohl in 16È
showed that any group basis for ZG is also nilpotent. Ritter and Sehgal in
w x12 showed that if G and H are finitely generated nilpotent class two
groups with isomorphic integral group rings, then G ( H.
In this section we first show that the property ``nilpotent class two'' is
determined by the integral group ring. Note that we do not assume that
the involved groups are finitely generated.
For this we need to introduce some notation. For a group G, we denote
Ž .by g G the n-term in the lower central series of G. If G is nilpotent,n
Ž .then by g G we denote its nilpotency class.
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Recall that the nth dimension subgroup of a group G is defined to be
Ž . Ž nŽ ..the subgroup D G s G l 1 q D G .n
THEOREM 5.1. Let G be a nilpotent class two group and let H be a group
basis of ZG. Then H is a nilpotent group of nilpotency class two.
In particular, the isomorphism problem holds for any finitely generated
nilpotent class two group.
Ž . Ž Ž .. Ž Ž ..Proof. Because H : U ZG we have that D G, T G s D H, T H .1
Ž . Ž . Ž Ž ..Since GrT G and HrT H are ordered groups, the units of Z GrT G
Ž Ž .. Ž Ž . Ž Ž .. Ž( ZGrD G, T G and Z HrT H ( Z HrD H, T H are trivial see
w x. Ž . Ž .19, Lemma 45.3 , and thus it follows that GrT G ( GrT H .
Ž .Let L s g H be the last nontrivial term of the lower central series ofn
Ž . Ž .H. If L is not periodic, then L › T H and thus H and HrT H have
the same nilpotency class. Hence the result follows in this case.
So we may suppose for the rest of the proof that L is torsion. Since L is
Ž w x.torsion and central, we have that L : G see 18, Corollary I.1.7 . To
prove the result, it is now sufficient to show that n F 2. Suppose the
Ž . Ž .contrary, that is n ) 2. Hence L : g G . Since g H is equal to the3 3
Ž w x. Ž . Ž .third dimension subgroup of H see 3 and because D G s D H , we
Ž 3Ž .. Ž .have that L : G l 1 q D G s g G , where the last equality follows3
w xagain by 3, Corollary IV.1.10 . Since G has nilpotency class two it follows
that L is trivial, a contradiction. Hence n s 2.
It follows from the theorem that if G is a polycyclic-by-finite group with
Ž . Ž .g G a torsion group then Grg G is determined by ZG and thus the3 3
Hirsch length of G is an invariant of the integral group ring.
Next we show that any nilpotency class is determined by the integral
group ring of any finitely generated nilpotent group.
Let F be a set of finitely generated nilpotent groups which satisfies the
following two properties:
1. F is homomorphically closed.
Ž . Ž .2. If H is any finitely generated nilpotent group with T H ( T G ,
then H g F.
Note that by the remarks given in the beginning of this section any group
basis H of ZG with G g F is also a finitely generated nilpotent group,
w x Ž . Ž .and thus by Theorem 6.4 in 9 it follows that T H ( T G . So, by
condition 2, H g F. Let F be the subset of those groups G g F whosec
Ž . Ž .integral group ring contains a group basis H with g G / g H . Since
torsion free finitely generated nilpotent groups are ordered it follows by
w x19, Lemma 45.3 that the isomorphism problem is true for torsion free
nilpotent groups, and thus elements of F are not torsion free. Denote byc
Ž . Ž . Ž . Ž . < Ž . <h G the Hirsch number of G. Let d G s h G q g G q T G , and let
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F denote the set of those groups G in F which have the smallestmc c
Ž . Ž . w xpossible d G . Since GrT G is an ordered group it follows by 19, 45.3
Ž . Ž . Ž . Ž .that h G s h H . Since T G and T H also have the same order, it
Ž . Ž . Ž . Ž .follows that d G y d H s g G y g H for any group basis H of ZG.
Ž .LEMMA 5.2. Let G g F . Then T G has prime power order, and if H ismc
Ž . Ž . Ž . Ž .a group basis of ZG then g G F g H F g G q 1. Moreo¤er if g H s
Ž .g G q 1 then the last nontri¤ial term of the lower central series of G is
nontorsion, and that of H is torsion of prime order and is the only normal
Ž .subgroup of prime order; in particular Z G has cyclic torsion.
Ž . Ž .Proof. Set n s g G and m s g H . Since G, H g F it is clear thatc
n F m. So to prove the result we may assume throughout the proof that
n - m.
Ž . Ž .Suppose that A s g G and B s g H are both torsion. Note that inn m
this case A and B, being central and torsion, are simultaneously in both G
Ž w x.and H see 19 .
Now if B › A, then because F is closed under homomorphic images,
Ž . Ž .n y 1 s g GrA s g HrA s m, a contradiction. So, B ; A and thus
Ž . Ž .n G g GrB s g HrB s m y 1. Since also n - m we get that n s m y
Ž . Ž . Ž .1. However, n y 1 s g GrA s g HrA , and thus g H : A is central.n
Ž .So m s g H s n, again a contradiction.
w xIf both A and B were nontorsion we could use 19, Lemma 45.3 to get
Ž Ž .. Ž Ž ..that n s g GrT G s g HrT H s m.
Ž .We now prove that A s g G is nontorsion. Suppose the contrary; thenn
Ž .by the previous B is nontorsion. Since A : G l H we have that D G, A
Ž . Ž . Ž .s D H, A and thus Z GrA ( Z HrA . Since G g F we therefore getmc
Ž . Ž .m s g HrA s g GrA s n y 1, a contradiction. This proves that A is
indeed nontorsion.
Ž Ž ..Now, since G contains torsion, the group T Z G is not trivial. Let C
Ž .be a nontrivial finite central subgroup of G. Then, as before, C : G l H
Ž . Ž . Ž . Ž . < Ž . < < Ž . <and D G, C s D H, C . So Z GrC ( Z HrC and T GrC - T G .
Ž . Ž .Hence, as G g F , we get g GrC s g HrC . Since A is not torsion,mc
Ž . Ž .g GrC s n. If B › C, then g HrC s m, and thus n s m, a contradic-
Ž Ž ..tion. Therefore B : C. Since C is arbitrary, it follows that T Z G is
Ž .cyclic of prime power order and B is cyclic of prime order. Hence T G
Ž . Ž .also has prime power order. Also, n s g GrB s g HrB s m y 1, and
thus m s n q 1. The result now follows.
PROPOSITION 5.3. Let G g F and choose a group basis H of ZG withmc
Ž . Ž . Ž . Ž .n s g G / g H s m. Then g H : D G and thus G, is a coun-m mq1
terexample for the dimension subgroup problem. Moreo¤er there exists a finite
p-group which is a homomorphic image of G and a counterexample for the
dimension subgroup problem.
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Ž .Proof. Lemma 5.2 tells us that g H has order p, a prime, and thatm
Ž .g G is nontorsion. We also know that in this case m s n q 1. Lemman
w x w k xŽ . kq1Ž . Ž Ž .. kq1Ž .III.6.8 of 18 states that D G q D G s D G, g G q D G fork
all k G 1. Since ZG s Z H the left-hand side of the previous equation
Ž Ž .. kq1Ž . Ž Ž ..does not depend on G, and thus D G, g G q D G s D H, g Hk k
kq1Ž . Ž .  4q D H for all k G 1. Since g G s 1 we therefore get with k s mm
mq 1Ž . Ž Ž .. mq 1Ž . Ž Ž ..that D G s D H, g H q D G , and thus D H, g H :m m
mq 1Ž . Ž . Ž mq 1Ž .. Ž .D G . Hence, g H ; 1 q D G . But since g H is torsion andm m
Ž . Ž . Ž .central we also have g H : G. So g H : D G . It follows thatm m mq1
Ž . Ž .g G / D G , and thus G is a counterexample for the dimensionm m
subgroup problem. Since G is residually finite if follows that G has a finite
homomorphic image which is a counterexample for the dimension sub-
group problem, and, G being nilpotent, an easy argument shows that the
latter can be assumed to be one of prime power order.
Proposition 5.3 gives a link between the dimension subgroup problem
and the problem under consideration in this section, that is, that the
nilpotency class is determined by the integral group ring. In the following
theorem we show that if the dimension subgroup problem holds for a
finitely generated nilpotent group G, then we get a positive solution to our
problem. Recall that the dimension subgroup problem does not hold in
general; even for nilpotent groups of nilpotency class three there are
Žcounterexamples. The smallest such counterexample is due to Rips see
w x.3 . This example has the same properties as those listed in Proposition
Ž .5.3. However, if G has nilpotency class three and T G has no 2-torsion,
then we can give an elementary proof for a positive solution to our
problem.
Ž w x.For this recall that Losey see, for example, 3, Corollary IV.1.11
2Ž . Ž .proved that D G : g G , for any group G. Hence, if G is a nilpotent4 4
Ž . Ž .group of class three and T G does not contain 2-torsion, then D G is4
Ž .trivial. So, if H is as in Proposition 5.3 with g H / 3, then, by Lemma
Ž .  4 Ž . Ž .  45.2, 4 s g H . Hence by Proposition 5.3 1 / g H : D G s 1 , a4 5
contradiction. So we have shown that indeed the nilpotency class of G is
determined by its integral group ring.
THEOREM 5.4. Let G be a finitely generated nilpotent group and suppose
that one of the following properties holds.
1. All elements of F satisfy the dimension subgroup conjecture.
Ž .2. Central units of ZG are tri¤ial and g G F 3.
Ž . Ž .3. ZT G has only tri¤ial units that are central in ZG and g G F 3.
Then group bases of ZG all ha¤e the same nilpotency class.
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Proof. The first part follows at once from Proposition 5.3.
Because of the results in Section 5, to prove the second statement we
Ž .only have to deal with g G s 3 and a group basis H for ZG with
Ž . Ž . Ž .g H G 3. We first prove that if g G is torsion then g H s 3 and3
Ž . Ž .g G s g H , without any assumption on the center of the group ring.3 3
Ž .In fact since A s g G is torsion and central it is also contained in H.3
Ž . Ž .Thus from the previous section we get that 2 s g GrA s g HrA . But
Ž . Ž .this means that g H : A for all k G 3, and thus g H F 3. So indeedk
Ž . Ž . Ž . Ž Ž .. Ž Ž ..g H s 3 and g H : g G . Since g Hrg H s 2 and Z Hrg H3 3 3 3
Ž Ž .. Ž Ž .. Ž . Ž .( Z Grg H , it follows that g Grg H s 2 and thus g G : g H .3 3 3 3
Ž . Ž .Hence g G s g G .3 3
Ž .If, on the other hand, g G is nontorsion we write it as the product of a3
finite group and a nontrivial free abelian group B and let A s B2. Since
A is central and because of the assumption on the center, we have by
Ž . Ž .Corollary 2.4 that A : G l H. Hence D G, A s D H, A , and H, the
Ž . Ž . Ž .image of H in Z GrA , is a group basis of Z GrA . Note that g GrA is3
Ž . Ž .a torsion group, and thus by what we proved above 3 s g GrA s g HrA
Ž . Ž . Ž . Ž .and g GrA s g HrA . From this it follows that g H : g G . So3 3 3 3
Ž . Ž .g H is central and thus g H s 3.3
The third statement follows as a consequence of the second statement
and Corollary 2.2.
COROLLARY 5.5. Let G be a finitely generated nilpotent group. If G is
without 2-torsion, then all group bases of ZG ha¤e the same nilpotency class.
w x Ž . Ž .Proof. In a recent paper 2 Gupta has shown that D G rg G is ak k
2-group, for any k G 1. Hence the result follows from Theorem 5.4.
Finally we remark that all our results are stated for integral group rings,
w xbut it is clear that they hold for more general coefficient rings as in 10 .
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